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Fourier Duality As a Quantization Principle
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The Weyl—~Wigner prescription for quantization on Euclidean phase spaces makes
essential use of Fourier duality. The extension of this property to more general
phase spaces requires the use of Kac algebras, which provide the necessary
background for the implementation of Fourier duality on general locally compact
groups. Kac algebras—and the duality they incorporate—are consequently
examined as candidates for a general quantization framework extending the usual
formalism. Using as a test case the simplest nontrivial phase space, the half-
plane, it is shown how the structures present in the complete-plane case must
be modified. Traces, for example, must be replaced by their noncommutative
generalizations—weights—and the correspondence embodied in the
Weyl-Wigner formalism is no longer complete. Provided the underlying algebraic
structure is suitably adapted to each case, Fourier duality is shown to be indeed
a very powerful guide to the quantization of general physical systems.

1. INTRODUCTION

The complete quantum description of a physical system presupposes
the identification of the space of observables, the scene of its dynamical
evolution. In the classical description, this space correspoads to a subalgebra
of the algebra C*(M) of infinitely differentiable functions on the phase space.
When the latter is the linear space R? (or R>"), the relationship between the
quantum and the classical cases is well known, given as it is by the Weyl
correspondence prescription. The correspondence assumes the existence (and
knowledge) of a possible classical version of the system and of a general
prescription—‘“‘quantization”—to transform the classical into the quantum
description. The ultimate goal is to uncover some “grand principle,” a rule
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providing directly the quantal description: given a system, we should be able
to identify the observables and their space without the mediation of classical
quantities. It would then be possible to describe even purely quantum systems,
for which there are no classical limits. Such an objective is still far ahead
and for the present time we are condemned to proceed from classical systems,
trying to work up a general procedure of quantization from particular exam-
ples. This trial-and-error approach blends rigorous assumptions with infer-
ences from previous case-study experience.

The Weyl prescription, in its original form (Weyl, 1931), makes use of
a very particular kind of duality, the Pontryagin duality, which holds only
when the underlying group of linear symplectomorphisms is Abelian. The
Pontryagin dual of an Abelian group G is the space of characters, which is
also an Abelian group, though not necessarily the same. Thus, the Euclidean
spaces R" and the cyclic groups Z, are self-dual in this sense, but the circle
and the group of integers are dual to each other. The link between these
groups is provided by generalized two-way Fourier transforms mapping the
L'-space of one into the L*-space of the other, and for this reason we shall
use the expression Fourier duality as a synonym of (eventually generalized)
Pontryagin duality. In the Euclidean linear case, the Abelian group involved
is formed by the translations on phase space, which is isomorphic to its own
Fourier dual: the Fourier transforms of functions on R? are functions on R?%.
Given the Fourier transform f of a classical dynamical function f, the Weyl
prescription yields the corresponding operator (q-number function) as a Fou-
rier transform of f with a projective operator kernel. A formal inverse proce-
dure [first considered by Wigner (1932)], involving an integration on an
operator space, gives then the corresponding c-number function (Hillery et
al., 1984; Lee, 1995). These c-number functions and their Fourier transforms
belong to twisted (noncommutative) algebras, different from the usual Abelian
algebras of convolution and pointwise product. The twisted convolution on
LY(R?) and the Moyal product on L*(R?) arise naturally from the projective
operator product through the Weyl correspondence. Because of this “quan-
tum” origin, the deformation of the usual algebras of functions on phase
space they represent is considered a quantization (Bayen et al., 1978).

The main difficulty comes from the fact that, for general systems, includ-
ing those whose phase space is the Euclidean space, the group acting on
phase space (a group of linear symplectomorphisms, here called special
canonical group) is not Abelian and/or compact. On compact groups the
integration implied in the Fourier transform is defined in a simple way, as
there exists a unique Haar measure, which is both left- and right-invariant.
Among noncompact groups, the existence of Haar measures is assured only
for those which are locally compact, though in general the left-invariant and
the right-invariant measures differ (when they happen to be equal, the group



Fourier Duality As a Quantization Principle 347

is said to be unimodular). Group-to-group duality is, however, restricted to
the commutative case: the space dual to a non-Abelian group is no longer a
group, but an algebra. Duality must be understood no longer as a relationship
between groups, but as a relationship in a wider category. A fair formulation
for the general locally compact case was obtained in the 1970s and led to
the introduction of Kac algebras. These are Hopf—von Neumann algebras
with peculiar generalized measures, called Haar weights. Actually, for nonuni-
modular locally compact groups, Fourier duality is only possible in the Kac
algebra framework. We must abstract from groups to Kac algebras in order
to have a Fourier duality. In this sense the usual Weyl correspondence is part
of a highly nontrivial projective duality for the Abelian group R?, where an
algebra generated no longer by linear, but by projective operators comes into
play (Aldrovandi and Saeger, 1996).

Our objective here is to take a step further in the question of quantization
through the study of these analytic—algebraic aspects. The algebraic facet is
better known: it is necessary to resort to Hopf—von Neumann algebras. These
algebras are, however, rather involved operator algebras, on which many
different topologies and measures can be defined. The analytic facet lies
precisely in the choice of the correct topology and measure. Our guiding
idea will be the assumption of Fourier duality, which stands at the heart both
of the Weyl quantization approach and of the group duality alluded to above.
Since Fourier duality in its more general form is implemented in the Kac
algebra structural frame (Enock and Schwartz, 1992), we argue that it is also
able to provide a generalized Weyl prescription for quantizing a phase space on
which a separable locally compact type I group acts by symplectomorphisms.

We take as a test case the simplest nontrivial example of phase space:
the half-plane. The fact that the configuration space R, is Abelian, that the
manifold of the special canonical group coincides with the phase space
manifold, and that there is no need to consider central extensions of this
canonical group accounts for the relative simplicity of the example. Its non-
triviality comes from the nontrivial properties of the group, which, besides
being non-Abelian and noncompact, is nonunimodular. These are important
features, which bring to light the main difficulties of quantization on a
general phase space. Specifically, this example also shows why the usual
Weyl-Wigner quantization procedure does not generalize straightforwardly
and does not always lead to a generalized Moyal bracket (Moyal, 1949), or
to a deformation of the algebra of functions on phase space. Although this
example does not cover quantization on a general phase space, where the
respective canonical group may have little to do with the space in which it
acts (Isham, 1984), we believe the duality principle it illustrates can be
generalized to quantization on any phase space to which an operator algebra
can be associated, as is done in Landsman (1993).
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We begin with an exposition of the classical picture on the half-plane
in Section 2. In order to select a group on phase space, we use Isham’s
canonical approach, which, though not quite general, is enough for the case
in view. In the next section we give some details and classify the induced
irreducible representations of the half-plane special canonical group, which
is in fact a special parametrization of the affine group on the line (conversely,
we show in the Appendix that the half-plane is the unique nontrivial homoge-
neous symplectic manifold of the affine group on the line). Since it seems
that neither Hopf—von Neumann nor Kac algebras are structures quite familiar
to the physics community, we review them in a separate section. We emphasize
those Kac algebras which are related to groups, in order to show how group
duality is attained. At the end of that section we also show how to decompose
the operator Kac algebra of a type I group according to its unitary dual.
This is not found in the Kac algebra literature and will be essential to the
interpretation of the Weyl formula in the duality framework. The half-plane
case, used all along more as a gate into nontrivial aspects, is finally considered
for its own sake and given its finish in Section 5. The whole treatment leads
to a reappraisal of the reach and limitations of the Weyl-Wigner formalism
as a guide for quantization on general phase spaces.

2. THE SPECIAL CANONICAL GROUP

The phase space we want to quantize on is the half-plane R, X R, the
cotangent bundle of the configuration space given by the half-line R,. On
this symplectic manifold we use the coordinates x and p, in terms of which
the symplectic form, given as the derivative of the Liouville canonical 1-
form, is

o =d0, =dp A dx, xeR, peR
The symplectic form implements, through the equation
iyw = —df (D

a homomorphism between the space of C*-functions (Hamiltonians) and the
space of symplectic Hamiltonian vector fields, whose kernels are the con-
stants. Since w is nondegenerate, (1) can be solved for the vector fields and
yields, in the above coordinates, X; = 3,f 3, — 0.f 9,. The symplectic form
also provides a Lie algebra structure on the C”-functions, as it defines the
Poisson bracket by

{f g} = —oX;, X,) 2
which is isomorphic to the Hamiltonian vector field Lie algebra through
(X5, Xel = —Xizg)
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We shall follow Isham (1984) in the first steps. To quantize a phase
space we start by looking for a finite-dimensional (for simplicity) group
whose elements act as symplectomorphisms, that is, preserve the symplectic
structure. The action must be transitive, so as to avoid any lack of globality
in the quantum description, and also (quasi-)effective. It is thus necessary to
find a finite-dimensional group G, under whose action the half-plane is a
symplectic homogeneous G-space. The task can be simplified by proceeding
as follows. Consider a group whose manifold is the configuration space,
(R,, ), and make it act on a linear space so as to get at least an almost-
faithful representation (a representation whose kernel is discrete). Take the
action of R, on R given by

N € R, » Ry(a) = a\, aekR 3)

Construct the semi-direct product group R, @ R, with the product operation
given by

(A, a)(p, b) = (\p, a + $(b))

where &y(b) = Ri=1(b) = b/\ is the homomorphism on R given by the
representation R* contragradient to (3). The identity in R, @ R is (1, 0) and
the inverse element of (N, a) is given by (A}, éx'(—a)), with &y-1 =
ot

Considering the left action
loa(x, p) = \x, p/N ~ a)

of this group on the space R, X R, we see that G, = R, @ R is formed by
some special linear canonical transformations on the half-plane. Actually, we
show in the Appendix, using Kirillov's orbits method (Kirillov, 1976), that
the half-plane is the only nontrivial symplectic manifold canonically invariant
by th.

The Lie algebra Gy, of Gy, can be obtained from the group product with
the help of the formula

elAesBe—lAe—sB — els[A,B]+higher orders in £,
and is given on R © R by
(4, @), (r, )] = (0, ar — Ib) )

It is straightforward to realize this Lie algebra in terms of symplectic Hamilto-
nian vector fields on the half-plane. By the exponential mapping (I, a) ~
(¢, a) € R, @ R we introduce the one-parameter subgroups ¢ — (e, 0),
s — (1, as), whose action on R, X R,

Li(x, p) = (e"x, e7"p — as)
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is easily found to be generated by the symplectic Hamiltonian (right-invariant)
vector fields

Xl,a(x’ p) = lxax - (lp + a)ap

corresponding to the Hamiltonians h;,(x, p) = ax + lxp. On CC°(R, X R)
these Hamiltonians define a Poisson subalgebra by

{hl,a’ hr,b} = hO,ar—lb (5)

whose structure is identical to that of (4). We can then say that there is a
faithful momentum mapping J: T*R, — %, allowing the association of the
pair (/, a) € %y, to the Hamiltonian function A, , by the duality pairing (J(x,
p), (I, a)) = hy(x, p). By this Lie algebra isomorphism we privilege the
functions h,, as a preferred class of observables to be quantized. Also because
of this isomorphism, there is no need to central-extend %,,, as happens in the
complete-plane case. In other words, the cohomology space H%(%y,, R) ~
H2(th, R) is trivial (Isham, 1984). It is then possible to take the unitary
irreducible linear representations of the special canonical group realized in
terms of operators on a given Hilbert space and try to find an unbounded
operator (representation generator) in correspondence with each preferred
observable on the half-plane. In the next section we will provide the represen-
tations necessary to characterize such operators, but, in contrast to Isham’s
approach, functions will be associated to bounded operators & la Weyl, which
means that we shall work at the group representation level.

3. INDUCED REPRESENTATIONS AND THE UNITARY DUAL

Irreducible unitary representations of semi-direct product groups are
easily constructed via Mackey’s induced representation theory (Mackey, 1978;
Barut and Raczka, 1977; Gurarie, 1992; Sugiura, 1990). In this section we
construct irreducible unitary representations of Gy, = R, @ R by that method.
We first note that a Gy, element g = (A, a) can be decomposed into its R,
and R parts according to

N a) =\, 01, dr'(@) = gr.&r ©)
and
N\, a) = (1, a)(\, 0) @)

We begin by looking for unitary irreducible representations of the sub-
group R. This is immediate, since R is an Abelian normal subgroup. Its
character (one-dimensional) representations on C are given by V,(a) = ¢*2,
where x is a label contained in the unitary dual group R ~ R. The Hilbert
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space where our induced representation of Gy, will be realized is constructed
as the space of functions f: Gy, — C, which can be decomposed into wavefunc-

tions &, £,(g) = Vi '(gr)é(gr,), or, using (6) with g = (A, a),
LN @) = {exp[—ixdy '@lEQN), £ e LAR,) ®

and on which f, satisfies
J éz\-lf,((h,a)lz=f d—)\lg()\)l2<oo
R4+ A Ry A

We indicate this space by H,(G,,) and, in agreement with (8), use the fact
that it is isomorphic to LX(R,). The induced representation of Gy, on H(Gyp)
is then defined, for each x € R, by [T(g)f.J(h) = f(g 'h), or, directly in
terms of wavefunctions in the coordinate representation [that is, on L%(R,)], by

(T(8)El(hr,) = V(87 he, JE( 8™ hr,Jr.) ®

or, even more explicitly, using g = (A, a), A = (p, b), and computing
g e, = A\7'p, by '(—a)),

[T\, @)€](p) = {explixd, (@]}EN"'p) (10)
That these operators do represent the group Gy,
TN, a)T{p, b) = T\, a)p, b)) an

follows trivially from comparing the two identities below: applying the left-
hand side of (11) to £ € L*R,), we obtain

[T\, @)T(p, b)EI(m) = {explixd, ' (@]}HTp, HEIA™ ')
= (explixd; 'la + dr(B])E(NP) ")
while the right-hand side gives
[T, a)p, B)EIM) = [T:(Ap, a + dr(B))EI(M)
= (explixd;'[a + GABIDENP) 'm)

Unitarity and irreducibility of the representation (10) will be proved in the
following.
Abstracting from the Hilbert space L¥(R,), we can write the operator T, as

T.(\, )1, = explixd; '(a)] exp[—i In(A)]

where |, means that the operator acts on the argument p in such a way that
the multiplication and dilation operators are defined by

pE(p) = pé(p)
&(p) = —ipdE(p)
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An operatorial version of the decompositions given at the beginning of
this section is obtained if we define the operators (dropping |, from now on)

T\, 0) = L(\) = exp[—i In(\)#) (12a)
T(1, a) = V,(a) = explixd; '(a)] (12b)

with which we have
T\, a) = V(a)L(\) (13)

where L()\) is identified as the lefi-regular unitary representation of the group
(R,, *) on L*R,). Definitions (12) also allow us to rewrite (6) and (7) in
operatorial form

LNV (b5 (@) = V@)LV (14)

Expanding the identity above according to (12), and recalling that ¢,(a) =
al/\, we obtain, up to first order in al, [ = In A,

b, 7] = ip

Now the unitarity of (10) follows easily from (13) and the unitarity of
Land V,,

T\, @) = LAYV (—a)
= V(dx'(—a))LA™Y)
= T\, @)Y

where the second equality comes from (14).

At this point we should ask whether there exists an equivalence relation
between the operators T,. This is an important question if we want to do
harmonic analysis on the group Gy, = R, @ R, as we shall, for we must
sum (integrate) over the unitary dual G,, of Gy, the space of classes of
inequivalent irreducible representations. To answer the question, we begin
by observing that the right-regular representation of (R,, -) acts on § €
LA(R,) by [R(p)El(m) = &(mp). In order to verify whether this operator is an
intertwining for the T,, we calculate

[R(P)™'TN, @R(p)ENM) = [T\, )R(P)EI(Mp ™)
= {explixdoy-1(@)]}EN"'M) (15)

Now, remembering that R, acts on R by &, we define its associated coaction
¢, on the character space R by
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[box@) = xd; (@) = explixd; ()]

With this at hand, it is easy to see that the coefficient of the wavefunction
€ in (15) is just the following coaction:

[bap~ (@) = X30-1(@)) = X, © &7'(@))

= $p~ x5 '@)
Explicitly, considering that x, e R ~ R > x, we have the coaction given by
bp10x) = p7x (16)

We then conclude that the right-regular representation R is an intertwining
operator for the T”s, connecting them by the coaction ¢,

R(P)T'TAN, DR(p) = Tg,-19(\, @) a7

We have then three classes of representations: one for x > 0 and one for x
< 0, both isomorphic to R,; and the one represented by the point x = 0. We
shall indicate the cases x > 0 or x < 0 simply by * and write the two
infinite-dimensional representation operators as

T.(\, a) = e*PL(\) (18)

In the case x = 0, we have simply L()\), the left-regular unitary representation
of (R,, *), To(A, @) = L(N). This representation is reducible, that is, it is
possible to decompose it in terms of the (R,, -) characters x,(A\) = A%, y €
R, and write formally

®
L=I dy Xy

R
This gives us an infinity (R) of one-dimensional irreducible representations,
T\, a) = A (19)

Summing up: once we suppose the irreducibility of the T,, which will be
proved just below, the unitary dual Gy, is given by {+} U {—} U R. If we
compare this result with the orbits of the coadjoint action of Gy, obtained in
the Appendix, we observe that the formula Gy, = %4%/Gy, holds.

Now, to address the problem of irreducibility of the induced representa-
tions T,, we shall refer to an important result of Mackey’s theory. Mackey’s
imprimitivity theorem (Barut and Raczka, 1977; Taylor, 1986) for semi-direct
products states that the induced representations of such groups, in our case
T,, will be irreducible if and only if the semi-direct product group R, @ R
which it represents satisfies a condition of regularity. This condition essen-
tially means that the R,-orbits in R by the & action are countably separated
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with respect to the Borel structure. This is easily seen to be fulfilled since
R = R_ U {0} U R,. So, our group Gy, is regular and the representations
T, are irreducible.

The above analysis gives still other important information about the
group Gy,. Type I groups are, roughly speaking, those groups which have
a well-behaved Borel structure on the unitary dual, more specifically, the
decomposition of representations of these groups into irreducible representa-
tions is unique (Mackey, 1957). Good examples are the Abelian and the
semisimple groups. From another theorem by Mackey (Barut and Raczka,
1977, p. 536), a regular semi-direct product group, say R, @ R, is a type |
group if and only if for each x e R, its isotropy subgroup /, is a type I group.
Well, we know that the orbits through x are given by 0, = RJI,, and we
have found that they are isomorphic either to R, (R,, *) or to the trivial {e].
Consequently, each isotropy subgroup is necessarily isomorphic to one of
them, and they are both of type 1.

4. KAC ALGEBRAS AND GROUP DUALITY

Once we have characterized and constructed the representations of the
group under which the half-plane is canonically invariant, we must give a
rule to associate an operator to each observable. To do this we will use the
powerful techniques provided by the Kac algebras. These algebras were
constructed in independently by Kac and Vainermann (1974a,b) and Enock
and Schwartz (1973, 1974a,b) with the objective of generalizing to nonuni-
modular locally compact groups the Pontryagin (Abelian groups) and Tan-
naka—Krein (compact groups) duality theorems. A duality for locally compact
(lc. from now on) nonunimodular groups, comprising previous work of P.
Eymard, N. Tatsuuma, and J. Ernst on a category wider than that of such
groups, had already been partially obtained in the seventies by (Takesaki,
1971, 1972) in the Hopf-von Neumann algebra framework. Unfortunately,
due to an incomplete theory of noncommutative integration, Takesaki’s work
in that direction had a lack of symmetry. A general duality only was possible
after considerable knowledge on weights was obtained. This knowledge led
to the definition of Kac algebras by the addition of a suitable (Haar) weight
on Hopf—von Neumann algebras.

Actually, a general duality for locally compact groups is achieved if we
associate to them two Kac algebras, one on the von Neumann algebra of L™-
functions and the other on the von Neumann algebra generated by left-regular
representations. These two algebras turn out to be dual in the category of
Kac algebras. This means that, by duality, to each L*-function on the group
we can make correspond an operator written as a linear combination of
the left-regular representations. In this section we will introduce Hopf—von
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Neumann and Kac algebras, apply the latter to groups in order to show the
l.c. group duality and show how they decompose following the unitary dual
of a type I group.

Since Hopf-von Neumann and Kac algebras are, to begin with, von
Neumann algebras, we start by recalling some definitions on these algebras
which will be necessary (see, for example, Bratteli and Robinson, 1987). A
von Neumann algebra M is an involutive unital subalgebra of the Banach
algebra B(H) of bounded linear operators on a Hilbert space H, closed with
strong respect to the topology, a topology which is defined by the open balls
of the family of seminorms |alls = Jayil, ¢ € H. Besides this on B (H)
there is the norm

lall = sup{llablly, lblla = 1, ¥ € H} (20)
As amap ||-||: M — [0, ], this norm satisfies the following conditions:

* Jla|l = 0 if and only if a = 0.
* lla + bl = llall + |2

* |laa|| = tal-|a|, a € C.

* llabll = |lall-ll&]l.

The first axiom does not hold for a seminorm. We shall also consider that
family of seminorms leading to the ultra(c)-weak topology. It is given by
ITllc = 2 1(TW;, &)1, where s, b; € H are such that 3, ||| < « and I,
|d:l|? < . The predual M, of M is the (Banach) space of the ultraweakly
continuous linear functionals on M.

The word involutive used in the above definition means that on M a
map *: M — M, the involution, is defined such that:

s (aa + Bb)* = aa* + Bb*.
¢ (ab)* = b*a*.

e (a®)* = qa.

Besides these axioms, on a von Neumann algebra it is also true that [|a*| =
fla]l (it is an involutive Banach algebra), ||a*a| = |la||? (it is a C*-algebra),
and the unit is preserved by the involution, 1* = 1. Finally, a W* algebra is
an algebra M which equals the dual of its predual, M = (M,)*. It is, roughly
speaking, an abstract C*-algebra which can always be realized as a von
Neumann algebra on a suitable Hilbert space H.

We can introduce at this point the definition of a Hopf—von Neumann
algebra. A coinvolutive Hopf—von Neumann algebra is a triple H = (M, A,
k) where (Enock and Schwartz, 1992)

* M is a W*-algebra.
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* The homomorphism A: M —» M @ M, called a coproduct, is normal,
injective, and such that

A1 =1®1 (21a)
AQid)cA=(id®A)°A (21b)

The first statement above says that A is unital and the latter that it is
coassociative. Since A is a homomorphism of W*-algebras, this means that
is it linear and

A(ab) = A(@)A(b) (22)

* Thereisamap k: M — M, called a coinvolution, which is an involutive
antiautomorphism, that is, which is linear and such that, Va, b € M,

k(ab) = x(b)x(a) (23a)
k(a*) = k(a)* (23b)
k(x(a)) = a (23¢)

* It is also an anticoautomorphism,
k®@k)eA=0°Ac°k (24)
where c(a ® b) = b Q@ a.

H is said to be Abelian or commutative if M is Abelian, and symmetric
or cocommutative if o © A = A. Note that from (23c¢) and (23b) it follows
that k(k(a*)*) = a, or k ° * o k o * = id, but the converse is not true. This
condition is actually weaker than those axioms. One of the differences between
Hopf-von Neumann algebras and Woronowicz’s “compact matrix pseudo-
groups” (Woronowicz, 1987) is that this weaker condition is imposed instead
of (23c), (23b).

Given a coinvolutive Hopf—von Neumann algebra (M, A, k), where M
acts on the Hilbert space H, and a representation . of its predual M,, on the
Hilbert space H,, a partial isometry U € B(H,) ® M such that

w(w) = (id @ w)(U), e M, (25)

is said to be the generator of . If w is multiplicative and involutive, its
generator U satisfies the respective identities

HdIIANU)=URIDARSo)U Q11 R a) (26a)
(ld® weok)U) = (id ® o) U*) (26b)
In the following we shall also denote (U @ 1) and (1 @ o)}(U 1)1 Q o)
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in BH,) @ M ® M by U, and U3, respectively. If §, n € H, we define
the linear form w,, € M, by

<a’ wg,n) = (a‘gln)ﬁ’ VaeM (27)
The formula
(U@ @By ® dusn, = By, @ veH BBeH,
(28)

coming from (25) and (27), and connecting the representation . and the
operator U =g o U*sg e M® B(H,) (the dual of U), will be very useful.

Before introducing Kac algebras, some facts concerning weights and
the representation of a von Neumann algebra by a weight—the GNS construc-
tion—are worth mentioning. The basic references are Bratteli and Robinson
(1987) and Enock and Schwartz (1992, Section 2.1).

Consider a map from the set of strictly positive elements of M, ¢: M*
— [0, ], with the conditions

* ¢la+ b) = g@ + ¢b).
* @(Aa) = Ap(a), VA = 0, where 0- = 0.

* o¢(a*a) = @(aa*).

The first two conditions define a weight on M, and the three together define
a trace (Dixmier, 1977). A weight generalizes the concept of a positive linear
functional on C*-algebras and, in particular, the concept of state. Associated
to ¢ we define the left ideal N, C M by {a € Ml¢(a*a) < ~}, and the
involutive algebra M,, as the linear span of {a € M*Ip(a@) < ®} C N, N
N&, with N¥ = {a*la € N, }. A weight ¢ is called:

* Normal if for every sequence {q;} with upper bound a € M", ¢(a)
is the upper bound of the sequence {¢(a,)}.

» Faithful if p(a) = 0=>a =0a € M"*.

 Semifinite if M, is ultraweakly dense in M.

Given a normal, faithful, and semifinite weight ¢ on a von Neumann
algebra M, we construct a representation of M by the following procedure
(Bratteli and Robinson, 1987): ¢ defines a scalar product in N, through

(alb), = @(b*a)

It is actually only a quasiscalar product, since, as ¢(a*a) = 0, (ala), can be
zero. To circumvent this problem, we should factor the left ideal I, = (b €
Al(b1b), = 0} out of N. The quotient is formed by equivalence classes [b]
of elements b’ such that b — &' is in 1. Now, N /I, has a pre-Hilbert structure
given by the scalar product ([a]I[b]) = (al|b), which is invariant on each
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class. Completing N /I, with respect to this product, we get the Hilbert space
H, The map

w(a): NI, > NJI,
(b} — [ab]

is bounded and can be extended to H, as a bounded operator. We call (m,,
H,) the GNS construction of (M, ¢), and a,, denotes the image of a € N,
into H, by the canonical injection N e = Hy, a = wy(a) = [a]. The
image (N, N N¥) is a left Hilbert algebra (Enock and Schwartz, 1992),
which is isomorphic to M. The image of the involution * is the operator S,
which has the polar decomposition

Se = JAV

This decomposition gives rise to the antilinear isometry J,: H, — H,, such
that JMJ = M’', JaJ = a*, and a € Z(M), and to the modular operator A,
where M’ = {a € B(H)lab = ba, for all b € M} is the commutant of M,
and Z(M) = M N M’ is the center of M. The modular operator satisfies
AZIMA;" = M, for all t € R, and this leads to the definition of the modular
automorphism group af on M by

a¥(a) = AlgA;" (29)

The modular group of is such that the weight ¢ is invariant, ¢ = ¢ © af,
and is also characterized by the fact that ¢ is the unique KMS weight
associated to it. This short overview on the Tomita—Takesaki theory extended
to weights will be enough to introduce Kac algebras.

A Kac algebra K = (M, A, k, ¢) satisfies the following axioms [for a
good review on Kac algebras, see the first sections of an article by one of
its founders, Vainermann (1988)]:

* (M, A, x) is a coinvolutive Hopf-von Neumann algebra.
e ¢ M* — [0, ] is a normal, faithful, and semifinite weight on M
called a Haar weight such that:
—A(N,) C Nige A stronger version of this axiom is more manage-
able and will be used. It says that ¢ is left-invariant with respect to
A, or
(id ®@ ¢)A(a) = ¢(a)l, Va e M* 30)
—¢ is symmetric, Va, b € N,
(id ® @)[(1 B b¥)A(a)] = k ° (id ® Q)[AB*)(A ® a)] (31)
—and

Kool =0%, 0k, Vte R 32)
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Given a Hopf-von Neumann algebra H, then a Haar weight which
makes of H a Kac algebra, if it exists, is unique up to a scalar (Enock and
Schwartz, 1992, Section 2.7.7). A Kac algebra K is called unimodular if the
Haar weight ¢ is a trace and is invariant by k, ¢ = ¢ © k. When ¢ is a trace,
then it is true that A, = 1 and of = id, as happens for the Abelian Kac
algebras of groups described in the next subsection.

Associated to a Kac algebra there always exists an isometry W belonging
to M @ B(H,), called the fundamental operator, such that

W(a, ® b,) = [A(b)a ® 1)],, a,belN, (33)
This unitary operator implements the coproduct as follows:
A(a) = W(1 @ a)W* (34

Let us now introduce the dual of a Kac algebra K based on M. Its
predual M, has a product * given by

{a, 0 * 0') = (Aq, v @ ©') 35)
and an involution ° by
(a, %) = {k(a)*, w) (36)

The predual is thus an involutive Banach algebra. Besides the GNS representa-
tion of M on H,, there is a multiplicative and involutive representation of
M, on the same Hilbert space,

A M, > MC RBH,)

The representation A is such that M(w) is a bounded operator on w,(N';) which
acts on H, by

Mow)(a,) = [(w ° k ® id)A(a)],
and can also be written
Mw) = (w o k ® id)(W) 37

\ is called the Fourier representation of K. Its image A\(M,) = M is a von
Neumann algebra on which it is true that

Mw)(wg) = (w * o), (38)

where w, € H, is the unique vector such that (w,la,) = (a*, '), for all a
€ N, and for every

o' €l,={w e M,lsup{{w, a*)!, a € M, p(a*a) = 1} < =}
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Actually, the above condition together with the dcﬁnition of I, is a generaliza-
tion of the condition of square mtegrabnhty for o' € M,.

The dual of the Kac algebra K is based on the image M of the Founer
representation, K =, A, R, ¢). The dual involution ° goes to S
A A}p’z, analogously to its dual The operator W is unitary and its adjomt is
given by (with J = J from now on)

Wt=({JQ®J)oWeo(ld®J) 39)

Its dual is then written

2

W=0goW*og (40)
and the dual coproduct is given by the dual version of (33), or under the form
Aw) = W1 ® w)W* 41)

Furthermore, the dual antipode is defined by k(A(w)) = Mw ° k) or by
k(w) = Jw?J, its canonical implementatiox} on H,. Dualizing this last formula,
we get a new formula for k in terms of J:

x(a) = Ja*J (42)

The dual weight & on M is the normal, faithful, semifinite weight canonically
associated to the left Hilbert algebra (I, N [}), and is given, for X € M*,
by (Enock and Schwartz, 1992, 2.1.1 and 3.5.3)

B(X) = loli*> if there exists w € (I, N %), such that X = #(w)
¢ + oo otherwise

where 4 is the canonical representation (acting on the left by the algebra
product) of (I, N %), on H, Finally, the Hilbert space H, is identified with
H,. This Kac algebra obvxously has also a predual M, and a Founer representa-
tion A.

From (37) and by the fact that \ is an involutive representation, (26b),
it follows by using (40) that

Mo) = (0 ® id)(W*) = (id @ )W)

If we compare this formula with (25), we get W as the generator of A.
Furthermore, if we apply (26a) to W* = a ¢ W o o, we obtain (A ® id (W)
=1® W)(c® 1)1 W)o ®1), and from the relation (34) it follows
that W satisfies the pentagonal relation

AW RDAAOW e RDHWR1D = (W 1H(1 QW)

The duality mapping between K and AIA( is then performed first by passing
from M to its predual M, and then to M via the Fourier representation \,
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which is faithful (Enock and Schwartz, 1992, Chapter 4). Since X\ is generated
by W (and, by duality, A is generated by W), we understand the essential
role played by the operator W in Kac duality. The Kac duality is then the
fact that K is isomorphic to K.

4.1. The Abelian Kac Algebra of a Group

Given a separable l.c. group G, there are two Kac algebras of special
significance. The first is defined on the von Neumann algebra L™(G) of
(classes of almost everywhere defined) measurable and essentially bounded
functions on G (Kadison and Ringrose, 1986). This means that, for every f
e L*(G), there exists a smallest number C (0 =< C < ) such that |f(x)| =
C locally almost everywhere. This number C is just the ess.sup (essential
supremum) of f. The norm is given by

Al = ess.suplf(x)!

and the involution by f*(x) = f(x). This algebra acts on the Hilbert space
L*(G) by pointwise multiplication. This Hilbert space has the L? scalar product

(flg) = j dx f(x)g(x)

G

and the norm ||f]l, = (ff), where dx is the left-invariant Haar measure on
G. Then L*(G), with the operations and conditions of the following list, is
the abelian Kac algebra of G, K%G) = (L*(G), A, «, ¢,):

fg(x) = f(x)g(x) (43a)
1=1, suchthat 1(x) =1, Vxe G (43b)
A(Hx, y) = flxy) (43¢0)
k(N = f&xh) (43d)
¢ ) = I dx f(x), fe L*(G)* (43e)

G

Here C(G) is the algebra of continuous functions with compact support on
G, whose product is the convolution (see below). The Haar weight is in fact
a trace, simply the left-invariant Haar measure on G. In consequence, the
modular operator is reduced to simple multiplication by 1, A,, = 1, and the
modular group is trivial, o= = id. The underlying Abelian Hopf—Von Neu-
mann algebra is denoted by H*(G).
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We also have in this case, for F € C(G ® G) and f € C(G),
WF(x, y) = F(x,xy),  W*F(x,y) = F(x, x'y)

Jf) = \/——f( -
where Ag is the modular function on G to be defined a few steps below.

From these data we can use relation (28) to compute the Fourier representation
for K%(G),

W(F® )Ih® Iy = [ dx FOORTD J dy geIO)
G G

_ f dz 8(2) J dx BT
G

G
= (8IMon)l)

We conclude that Mw,pl(z) = [ dx h(x)f(x)l(x™'z) or, taking into account
that wsy = hf € L™(G)s by (27), that

Mwy) = J dx w(x)L(x) (44)
G

Since K%(G) acts on LX(G), it follows from @, (f*f) = [¢ dx If(x)12 <
co that the GNS construction is given by inclusion, with N, = L*(G) N
L¥G) and M, = L (G) N L'(G). The predual is L*(G)y = LY(G) and, as
anticipated, I,, = L'(G) N L¥G) is the space of square-integrable functions
on the predual L'(G), on which we now concentrate.

Given a left-invariant Haar measure dx on a lL.c. group G, the space of
(classes of) functions defined almost everywhere and integrable on G, LY(G,
dx), is the convolution Banach algebra of G with as product the convolution
(Reiter, 1968)

f* g)x) = j dy f(y)g(y™'x) 45)
G
involution
f*x) = Aex (D) (46)

and norm ||f]| = f¢ dx 1f(x)]. Here Ag: G — R, is a positive and continuous
homomorphism of groups called a modular function:

AGe =1
Ac(xy) = AgxAgy
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If p, and p, are left- and right-invariant (Haar) measures on G, respectively,
that is, w(xE) = p{E), p(Ey) = w(E), for every Borel set E, the function
A relates them by the Radon-Nikodym derivative (Reiter, 1968)

3“"<x) = Agx @7)
By

With A; = 1, the two measures coincide and G is unimodular. Changing
variables in (45) and using the identity

J dx ) =f dx Ag x~! fix) (48)
G

G

we can also write the convolution in terms of the right-invariant measure
[see (47)] as (f * g)(x) = [ dy Acy™fxy™)g(y).

The algebra C(G) of continuous functions with compact support is dense
in L'(G), which explains its appearance in some definitions. G is discrete if
and only if L' has a unit. Otherwise, it has only left and right approximate
units. In general, the algebra L!(G) is nothing more than an ideal in the
following unital algebra. To every f € L!'(G) we associate a measure dp.(x)
by du(x) = f(x) dx. This association implements an involutive isometry
between the Banach algebras L'(G) and M (G), the unital involutive algebra
of all bounded complex Borel measures on G with convolution given by

(u*v)(f)=f

GXG

f(xy) du(x) dv(y) = I f) d(p * v)(x)
G

where the unit is the Dirac measure at the identity of G, §,. With the notation
f(x) = f(x~"), which we shall be using from now on, the involution is given
by w*(f) = n(f) (Reiter, 1968).

A representation U of G on H is also a representation of M'(G) and
is written

- Ulp) = J dp(x) U(x)
G

whose restriction to L'(G) is nondegenerate,

fo U = j dx FEU() (49)

G

There is, in fact, a bijective correspondence between the unitary irreducible
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representations of G and the nondegenerate representations of L'(G). In
particular, to the left-regular representation of G there corresponds the operator

unsf=f¢uﬂnun (50)
G
whose restriction to N,, = LYG) N L*(G) is just that derived earlier as the
Fourier representation of K%G) and denoted A(f). Furthermore, when
restricted to the space L'(G) N L¥G), L(f) acts by convolution:

LiHs=f*g g € L'(G) N LXG) (51)
L(f) also satisfies
Lf*g) =f
L(f*) = J dx Agx™'flx DL(x) = f dx fx)L'(x)
G G
=f!

The operators which constitute the image of A form the von Neumann alge-
bra L*(G).

The Abelian C*-algebra C,(G) of complex functions vanishing at infinity,
with norm ||f]] = sup|f(x)| and involution given by the complex conjugation,
has as its dual the algebra M(G), the duality pairing being given by

r(N =, ) = f du(x) f(x) = J dx g(x)f(x)
G G

if du(x) = g(x) dx. The same duality relation holds between the pair L” D
C,G) and L' C MY(G) as a linear functional on the latter, since L'(G)* =
L™(G). While we have L*(G), = LY(G), the dual of L” is not L', but just
contains it (Kadison and Ringrose, 1986).

4.2. The Symmetric Kac Algebra of a Group

The von Neumann algebra L{IE) generated by left-regular representa-
tions of a l.c. group G is denoted M(G). Their generators L(x), x € G, act
on L¥G) by

[LxfIy) = f&x™"y)

The norm is given by ||L(x)|| = sup{||L(x)f]l, Ifll. = 1} and the involution
by Hermitian conjugation. The product in M(G) is the representation of the
group product, L(x)L(y) = L(xy), with unit 1 = L(e) = I. Every element
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(operator) in M(G) is a linear combination of all generators, with functions
in L'(G) as coefficients,

f= f dx fo)L(x), fe L'(G) (52)
G

which is just the image of the Fourier representation of K*(G) given in (44).
These operators act on L%G) by

[fgl(x) =J dy f()IL(yglx) = f dy f(»)g(y~'x) (53)
G G

If we further restrict to g € L%G) N LY(G), (53) turns out to be just the
convolution (51). The product of operators is written as

fé= J dXJ dy f(x)g(y)L(xy)
G G
= J dzj dx f(x)g(x~'2)L(2)
G G

= j dz (f * )(2L(2) 54)
G

With the operator product (54), K5(G) = (M(G), A, k, ¢,) is the symmetric
Kac algebra of the group G. The other operations are

AL(x) = L(x) ® L(x) (55a)

k(L(x)) = L(x™") = L™'(x) = L'(%) (55b)
_ [ it a=fF e

(@) = {+oo otherwise aeM (55¢)

Just for completeness and better visualization of the structure, we rewrite the
above expressions in terms of the linear combinations (52), whose product
has been given in (54):

A = f dx f(x)L(x) ® L(x) (56a)
G

k(f) = J dx f(x)L(x™") = J dx Ax~'f(x"YL(x) (56b)
G G

eH=fle, fe G *CG (56¢)

If F e C(G X G), we have
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WF(x,y) = F(y"'x,y),  W*F(x,y) = F(yx, y) (57a)

Jfx) = fx), fe CG) (57b)
In order to see how W generates \, let us consider the space L%G, LXG))
of L*-valued functions on G. It turns out to be isomorphic to L¥G) ® LXG)
by the association ¢(y)(x) = F(x, y), where ¢&(y) € LXG). Actually, \ is
generated by the left-regular representation L of G, whose action on &(y)
can be written, with the help of (57), as

LGN = (¥~ %) = F(y~'x, y) = [WFI(x, y)
This shows that the generator L, as a bounded function from G to B(LXG)),
can be seen as the operator W e B(LYG)) Q@ L*(G).
The modular operator on K(G) is given by the Radon-Nikodym
derivative

_ dy,
% de, 0 x)
of the trace ¢, = p, on K%G). Since by a quick calculation one obtains w,
° K = W, it turns out from the definition of the modular function (47) that
the modular operator is just A;. The modular function acts on LXG) by
pointwise multiplication and, for f € H,,

[oP( L UY) = [AEL(DAGUY)
= (AcYVILMAGf )
= (D) (Ac(x™'y) U (x""y)
= (Ac)'f(x"'y) (58)

which gives ofs(L(x)) = (Agx)*L(x).

As the base space for the dual of K¥(G), the predual M(G), is the von
Neumann algebra of functionals é,: M(G) — C such that &.(h) = (h(f)1g),
which is isomorphic to the Fourier algebra A(G) of those functions h which
can be written in the form h = f* g, f, g € L*G). Their identification comes
from (27) and is given through the function &y, (x) = (L(x™h, G)f_g) = (f *
£)(x). The Fourier representation in this case also follows from (28) and (57),

Wf®ghQ®I) = f dy g(y)ﬁy_)J dx h()f (y~'x)

G G

A

= j dy g(y)(h * fY(NI(y)
G

= J dy g(y)o,ANIY)
G
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from which we get A®, Al = &, 7. It turns out that the Fourier representation
is the identity. By the Cauchy—Schwarz inequality we obtain that A(G) is
contained in L”(G) [its normic closure in this algebra is just C,(G)], and
from (38) and the last expression we obtain that it has the usual L*-pointwise
product as operation.

4.3. Decomposition into Irreducibles

The reducible representations of a type I group G can be decomposed
into irreducible representations in a unique way (Mackey, 1957). However,
previous knowledge of the unitary dual G of G is necessary to the actual
realization of the decomposition. The dual is a space consisting of equivalence
classes of unitary irreducible representations with its Mackey—Borel structure
and a Plancherel (this name will be justified below) measure associated to
the Haar measure on G (Dixmier, 1977). The Plancherel measure and the
type I Mackey—Borel structure will allow us to sum (or integrate) on G without
ambiguities (Mackey, 1957, 1978). We proceed to obtain the decomposition in
this section. We will take the regular representation case as a starting point
and arrive at the decomposition of the von Neumann algebra it generates
and of the Hilbert spaces they act upon [see, for example, (8)]. For the left-
regular representations, the decomposition can be written in the form

(2

L= j dp(a) T,
G

where a € G and dp(a) is a Plancherel measure. This corresponds to the
direct integral decomposition
®
WG = | dute) @)
G

of the von Neumann algebra underlying K*(G). Since the operators T,(x)
provide irreducible representations of G, there should be an analogous decom-
position of the representation of L'(G),

L = J dy() T.(f) (59)
G
with each summand given by

TN =f= f dx f(x)To(x) (60)

G



368 Aldrovandi and Saeger

This gives a new aspect to formula (52),

L) = f du() j dx FOTL) ®1)
¢ G

G

Formula (60) is the generalized Fourier transform of f € LY (G), whose
outcome is the operator-valued function f, on G. Its image belongs to the
von Neumann algebra M,(G), which acts on the Hilbert space H, such that
IXG) = [¢ dw(a) H,,

As regards the weight @,, it is a trace if and only if G, or K*(G), is
unimodular. We can easily show it using (56c) and (54). Restricting to f
L'(G) N LX(G), we get

o (f-f) = (f* f¥)e) = f dx Agx|f(x) 12 (62a)
G

o(fH = (f* * file) = J dx|f(x) 12 (62b)
G

where we have also used (48) to obtain (62b). In the unimodular case we
have the Plancherel formula, which involves a well-defined decomposition
for ¢, = Tr, as explained in Dixmier (1977). In the general case, where
symmetric Kac algebras of a nonunimodular type I group are considered, we
can suppose also the weight ¢, to be decomposed according to

®

@ = J dp(a) @q (63)
¢

It will be sometimes useful to extend abusively the domain of ¢, to the

generators L(x), which can be regarded as left-regular representations of the

Dirac measures 8, € M'(G): L(x) = [ dy 8(y)L(y). In this sense we write

d.(x) = @ (L(x)) = J dp() @o(To(x)) (64)
G
which is to be regarded as the explicit general expression for the Dirac delta
distribution on the group.
Going further, from (62a) we can write, for f € L{(G) N LXG), two
expressions: on one hand, qas(f* . f) = [¢ dx 1f(x)|% on the other hand,
O(f P = fé dp(@) eol(ft o). We obtain, consequently,

j dx |f(x)1% = j dp() Qul(F ol
G G

as a generalization of the Plancherel formula, where
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FPa=Fflfu = J dx (f* * HOT(x)
G

Since f € L¥G), it follows that, for almost all o, u[fif,] < ®, and we
can conclude that f, € N o fOr almost all a.. Here and in the following almost
all o includes the set of representations whose complement in the unitary
dual has zero Plancherel measure, that is, the support of this measure. It is
generally identified with the set of higher dimensional representations. For
example, in the half-plane canonical group case they are just the infinite-
dimensional T.. From (63) we also have that, for almost all a, the ¢, are
normal, faithful, and semifinite weights on M,(G).

With the above weight decomposition we are able to write out the inverse
of the generalized Fourier transform (60). From (56c¢) it follows that

fO) = @[Li(x)f]

whose decomposition

f) = J dp(e) @al T (65)

G

gives f(x) in terms of the operator-valued function f, on G. Writing
ful) = @lTL()fe) (66)

and recalling that f € L'(G), we see from (65) that [ dx |f,(x)] < o for
almost all «, that is, that f, € L'(G) for almost all .

Notice that the generalized Fourier transform defined in (60) and (65)
is faithful as a map between G and its dual if and only if the Plancherel
measure accounts for every element of G. Since the Plancherel measure is
concentrated on the highest dimensional representations, it may happen in
some cases, like those of the Heisenberg (Folland, 1989; Taylor, 1986) and
the special half-plane (Gurarie, 1992) groups, that there are irreducible
inequivalent representations on G which are missed in formulas (59) and (65).

We have up to now collected the decompositions of M(G), of its genera-
tors L(x), of the Hilbert space L%(G), and of the Haar weight ¢,. The question
coming naturally to mind is whether or not these (irreducible) components
constitute a Kac algebra. The answer is negative, because the components
¢, of @, are not Haar weights in the Hopf—von Neumann algebra H,(G)
generated by T,(x). The structure of H,(G) for fixed « € G comes straight
from the decomposition of L:

T()T,(y) = T,(xy) (67a)
I =Tye) (67b)
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Ba(To(x) = To(x) ® To(x) (67¢)
Ka(To(x)) = Ti(x) (67d)

If we take ¢, and try to verify the second axiom for Haar weights, for
example, we get from the two sides of (31)

(id @ ¢)[(I ® TUYNALTLN] = @ Taly™)To(x)
Ka(id ® @)[Aa(TEHINU @ To()] = olTa(y™XNTu(y)

which implies that axiom if and only if x = y. Since there is no warrant that
¢o(T(y~'x)) would have as outcome x = y [we have instead (64)], we
conclude that ¢, is not Haar. Conversely, by the Haar weight axioms, it can
be proved that a weight ¢’ is a Haar weight on H,(G) if and only if ¢'(T,(x))
= B(x).

The elements of H,(G) are written

Tol) = fu = J dx fOT(x), fe LYG) (68)

G

This means that they are the images of the inequivalent irreducible representa-
tions of L'(G) corresponding to the T, representations of G. In analogy with
the relation between the representation L and A, where the latter is a restriction
of Lto N,, = L(G) N L*(G), formula (68) is regarded as a restriction of
formula (60) to the respective decomposition of N, , that is, as an a component
T, Of the Fourier representation A. It is thus natural to look for its generator.
We shall, in what follows, restrict ourselves to separable and type I semi-
direct product groups of the type G = S @ N, where N is an Abelian normal
subgroup and S is a unimodular group. This restriction on the group will
provide more explicit formulas for the Kac algebra decomposition, while
retaining enough generality to allow the consideration not only of the half-
plane example envisaged here, but also of other cases of physical interest,
like the Euclidean motion group E(2), the correct canonical group for the
phase space of the circle (Isham, 1984). Elements of G will be denoted by
x = (s, n), y = (r, ), etc., the identity by (e, 0), and the product by (s, n)
(r, ) = (sr, n + &y()), where ¢, is a homomorphism on N, the action of S.
In this case, a generalization of what was presented in Section 3 regarding
the group R, @ R is provided by Mackey’s theory of induced representations
applied to semi-direct product groups (see also Sugiura, 1990; Gurarie, 1992;
Barut and Raczka, 1977). If V, are irreducible representations (characters) of
N, labeled by y e N, that theory says that the Hilbert space H, is formed by
those functions f, which satisfy:

* The map (s, n) € G ~ f(s, n) € C is measurable
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* fGs, n)e, D) = Vi (Df(s, m)
o Jow dp(s) If,(s, )12 <

where du(s) is a G-invariant measure on G/N ~ S [notice that H, differs
from H, in that the label o represents classes of inequivalent representations,
while y represents all (irreducible) representations]. The action of (s, n) €
G on r € S, denoted, (s, n)+r, is defined by taking the S component of the
product (s, n)(r, 0) = (s7, n) = (sr, 0)(e, d;,'(n)), according to the decomposi-
tion (s, n) = (s, 0)(e, d; '(n)) of G in terms of its parts S and N, that is, (s,
n)-r = sr € S. By the same decomposition, the second condition implies
that the functions f, can be written as

Ko m) = VIO )EG),  fi(s, 0) = &(s) e LA(S) (69)

Actually, (69) expresses an isomorphism between H, (H,) and L?*(S) for each
labely (). In what follows we will suppose that the irreducible representations
have been already classified, that is, we will work on H,. On these spaces
the irreducible unitary induced representations T, of G by V, are given by

[ToE)S) = Volox™! 55 x)EGE" - 5) (70)

where o(r; x) is a “gaugefied” cocycle on G, or a (S, G)-cocycle relative to
the invariant class of dp(s) (Varadarajan, 1970; Gurarie, 1992), that is, a
Borel map o: § X G — N which satisfies

o(r;e) =0 an
a(y-rix) —o(r,xy) + o@r;y) =0 (72)

It is given explicitly by a(r; s, n) = &;'(n). “Gaugefied” cocycles appear
already in usual quantum mechanics, even in its discretized version, in which
the Euclidean phase space is replaced by Z, & Z, (Aldrovandi and Gal-
etti, 1990).

Formula (68) will have an important role in our work. It generalizes
Weyl’s formula (Weyl, 1931) in the sense that it associates (L') functions on
the group to irreducible operators on the subgroup S. In order to find explicitly
the generator of the representation T,(7,) of L'(G), we consider functions s
e L¥G, H,) ~ LXG, LXS)) and, putting P(x)(s) = G(s, x), x € G, we define
an isomorphism between the L%(S)-valued functions on G and the space L*(S)
& L*G). Now, the induced irreducible representations on Y(x) € L*(S) are
given by

[TP)(5) = Volo(x™" 55 X)DWx)x - 5)
= V(o(x ' 5 0)G(x~ -5, x) = [WeGl(s, x)  (73)

This shows that the generator of 7,, the function T, in L™(G, B(LXS))), can
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be seen as an operator W2 e B(LX(S)) ® L*(G). The operator W is analogous
to W not only with regard to the generation of Fourier representations, but
also because it implements the coproduct (67c). This can be shown by recalling
the definitions of the induced representations T, on H,(G) and L*(S), and
comparing the following two actions:

W ® T, )W*G,l(s, x)
= Vel(—oG s DV oG s 27 )G s, 27 )
AT (2)Gofs, x) = Vil(o(s; x™ NG5, 271x)
The left-hand sides turn out to be equal if we substitute in the right-hand
sides the identity o(x ™!+ s; z7'x) = o(s; z7!) + o(x7! - s; x), straightforwardly
obtained from (72). We have thus that W* is the fundamental operator of

H,(G). It is easily verified that it satisfies the pentagonal relation.
Turning back to (68), we obtain by (70) that the operators f, act on

LXS) by
L&l = j d'u(s, n) V(o (s™'r; s, n))f(s, n)E(s~'r) 74
G

Since the right-invariant measure on G is the product of the invariant measures
on S and N, we have d'u(s, n) = A(s, n) dp(s) dp(n). After the change of
variables s~!r = ¢ and by Fubini’s theorem, (74) reads

fukl(r) = J du(r) K§(r, DEQ)
s
in terms of the kernel K#(r, 1) given by
K¥r,p = [ du(n) A(rt™!, MV (o(t; e}, n))f(rt™", n)
N

Introducing a kernel will enable us to write out an explicit formula for the
weight @,. Also, the following result will help: the modular function of a
semi-direct product group G = S @ N is only a function on S. This is proved
by using d"u(x"'y) = Agx d’u(y) and the invariance of the measures on S
and N:

d'w((s, n)7'(r, D) = d'u(s7'r, &' — n))
= dp(s™'r) A dp(b5 ' — n))

dbs (D
ol

= Ag(s, n) d'u(r, D)

au(r) A dp(D)
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that is,

ad; (D

51 = A(s) as)

Ag(s, n) = 1
and, in particular, Ag(e, n) = A(e) = 1. In Gy, we have
d'(\, a) = % da

and the left-invariant measure is easily verified to be d'(\, a) = d\ da, which
implies that Ath()\, a) = A(\) = \. Turning back to the general case, a trace
can be introduced on H,(G) by

Tro(f,) = J du(t) K3, &) (762)
N

= j du(r) dpu(n) Vo(o(t; e, n))f(e, n) (76b)
G
Formula (76a) is a good trace definition because the kernels satisfy
f du(t) K§(r, DK, 5) = Kiolr, 5)
s

which implies Tro(f¥f,) = Tru(f.f¥). We will now introduce an explicit
decomposition of the Haar weight in terms of the trace:

@u(f) = Tr(Af) = f dp(t) A(OKH(, 1)

N

= J dp(t) dp(n) AV (a(t; e, n))f(e, n)
G

= I d'u(t, n) V(a(t; e, n))f(e, n) an
G

where A is given by (75). Clearly it is not a trace. For example, in the half-
plane group we have

. 1 N
@=(fx) = = J d\ da e**f(1, a)
T JGip

which is a decomposition of the Haar weight ¢, since

¢ =2 ¢=(f2) = lj d\ da cos(al) f(1, @) = f(1, 0)

R4+ XR
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Computing ¢.(T,(r, )), which should be §.(r, I) if ¢, were a Haar weight,
we find from this formula another way to see why that does not happen:

Qu(Tolr, D) = 8,.(r) J dp(t) A(OVu(o(r; e, 1))
N

For Gy, this gives

@=(T=(\, @) = ;(ﬂ)f dp e*i® = 'z(ﬂ)( 8(a)+—)
R4

while 3. ¢.(T-(\, a)) = 8;(A\)3(a). Furthermore, from formula (77) the
function (66) reads explicitly

fu, D = J d'uit, n) V(o(t; e, ) ((r, D(e, n)),  fe LYG)
G

We now turn our attention to the predual of M,(G), which, in analogy
with the Fourier algebra, we call A,(G). As in that case, we introduce the
representative function @§,(x) of this new algebra by

A% (x) = (D%, THX))
which, by definition of &¢, as a linear form, is given by the scalar product

®%e(s, n) = (Ts, n)x1E)i2s) = (X1 Tuls, nE)2s
= I du() Vi (o(s™'t s, m)x(EE"s) (78)
s

where, we recall, é(s) = &(s71). The product on A,(G) is obtained by the
duality shown in (35) from the coproduct on H,(G) and is the same Abelian
pointwise product of A(G), since (67¢) is symmetric, and of the same kind
of the coproduct on K¥(G). Also note that the involution on A,(G) is straight-
forwardly seen from (36) to be just the complex conjugation. These facts
show that A,(G) is very similar to A(G), differing from it only in that their
elements should be written according to (78) and depend on the labels a
G. As A(G) is contained in L™(G), this suggests that A,(G) be contained in
some similar space. To see this better, we compute the modulus of
@5 ¢(s, n) and, using the Cauchy—Schwarz inequality, obtain

102 ¢(s, n)] = 1(x| Tals, n)E)!
= lIxllNTuls, mEll,
= lixll2llgl, < =
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since T, is unitary and x, £ € LXS). Thus, | &5 (s, n)] is essentially bounded
and we can say that A,(G) is contained in L*(G). The index « just indicates
the dependence on the labels in G.

Using the explicit form of the generator W<, we can determine the
representation 1, of M (G), = AL(G) by formula (28),

(WeE, HIx ® &ixserke = (f13(8%)8)1%c) (79)
where &, x € L*(S) and f, g € L*G). The left-hand side gives
(W& NIX B g)

= J dpl(s, n) f(s, n)
G
X f du(t) Vo(o(s™'t; s, m)X(DE(s™"Da(s, n)
S

= f d“'l(s9 n) f(s» ”)G’;,g(s, n)g(sy ﬂ)
G

Comparison with the right-hand side of (79) yields 4, = id. Taking %, as an
o component of A and recalling that the dual of K*(G) is built on the image
of A, we conclude that the dual of H.(G) is built on 4,(A(G)) C L*(G), that
is, the dual is contained in H*(G). We also obtain from (38) that, while M ,(G)
acts on LX(S), A,(G) acts on LX(G) (by the pointwise product), which explains
the asymmetry of the double scalar product in (79). The dual version of
that formula,

W(f, )1g @ Xxoeiis = Elro(we X125 (80)

which is also asymmetric, involves the representation (68) and the operator
*=goW*og [fe LXG), £ € LXS)],

(We(f, ©I(s, n; r) = Vi (a(r; s, m)f(s, n)&(sr)
The left-hand side of (80) then gives
W, ©)lg ®x)

= f du(r) §(t)J dpl(s, n) Vi (a(s™'t; s, n))g(s, m)f(s, m)x(s™'0)
N G

= J dp.(n) &) f dpl(s, n) w, (s, M[T,(s, m)X)(O)
N G

where the first equality involves a change of variables in § and we have



376 Aldrovandi and Saeger

identified w,; = gf by (27). Comparison of this result with the right-hand
side of (80) corroborates formula (68) for 7,. If we also introduce in A,(G)
the o component of the coproduct in H%G), this will be implemented by
W<, in the same way that W* implements (67c).

5. QUANTIZATION ON THE HALF-PLANE

We now have at hand a powerful structure to describe quantization. A
generalization of the Weyl-Wigner correspondence prescription is incorpo-
rated in Kac (group) duality. Our objective in this section is to specialize to
the half-plane case the results of the last section, particularly those concerning
the decomposition of the Kac algebras. We shall show that the Hopf—von
Neumann algebra generated by the irreducible operators, together with its
dual, does provide the framework in which quantization can be described as
an irreducible component in Kac duality theory.

Starting from the group Gy, as the closest algebraic entity associated to
the half-plane phase space, we necessarily have to consider—if we are think-
ing about duality—the two Kac algebras K*(Gy,,) agd\ K*(Gyp). The decomposi-
tion of the first according to the dual space G, leads to the family of
Hopf-von Neumann algebras Hy(Gyp), which inherit most of their structure
from the Kac algebras they come from. Though group duality is lost at the
Hopf-von Neumann level, a well-defined formula for the decomposition of
the Fourier representation persists. Adaptation of formula (68) and its inverse
(65), although not representing a bijection between the group and its dual,
provides a well-defined mapping between functions and irreducible operators.

The cohomological differences between the complete-plane and the half-
plane cases come from the necessity of central-extending the special canonical
group of the former to the Heisenberg group in order to provide a faithful
momentum map between its associated Lie and Poisson algebras (Isham,
1984). Despite these differences, we can regard the Weyl formula as being
formula (68) for a fixed value of the label a in terms of the Planck constant,
a = a(h). This is easily confirmed if we recall that the unitary dual of the
Heisenberg group H(3) is almost equal (in the almost everywhere sense) to
any of the (>-projective unitary duals (Mackey, 1958) of the bidimensional
translation group R% By the Stone—von Neumann theorem (Taylor, 1986),
the former is equal to (Z — {0}) U R?, while the latter is just Z — {0}. We
have shown (Aldrovandi and Saeger, 1996) that the Weyl-Wigner formalism
can be described in terms of the duality of projective Kac algebras. In
such a projective duality framework for R?, Weyl’s formula comes from an
expression analogous to (68) for the decomposition of the respective Fourier
representation, namely
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h= f dx dy f(x, y)e™ 0P, v e Z ~ (0} 1)
R2

where §, p are the usual position and momentum operators. Comparing (81)
with Weyl’s formula, we get immediately v = #~!. Actually, the only formal
difference between (68) and the original Weyl formula, or (81), is that the
latter is written in terms of unitary irreducible projective operators instead
of the linear ones which appear in formula (68). This is a consequence of
the necessity of a central extension in the complete-plane case. That is,
quantum mechanics is a theory on a particular Hilbert space and its operators
generate a particular Hopf-von Neumann algebra whose label in the Kac
algebra decomposition is just a point in the support of the Plancherel measure
on the unitary dual space of the group involved. In the half-plane, as observed
at the end of Section 2, there is no need for a central extension, since the
cohomology group H*(Gy,, R) is trivial and consequently projective and
linear representations are cohomologically equivalent. This enables us to use
the simpler, linear representations. Thus, the analogue of Weyl’s correspon-
dence formula for the half-plane group is given by (68) for a fixed value of
the labels *. From the dual th = {+} U {—]} U R we have that (68) is
in this case given by

fe = f d\ da fO\, @)T-(\, a) (82a)
Ghp

) = j A dafn, ), yeR (82b)
Ghp

Notice that the Hopf—von Neumann algebras H. (Gy,) of operators (82a) are
quite different from those of functions (82b) and denoted H,(G,). They are
Abelian for each y and their direct integral over R can be identified with H*(R).

Recalling that the labels * correspond to an uncountable infinity of
equivalent representations in the support of the Plancherel measure, and
taking into account the physical dimensions of the elements of Gy, ([A] =
length, [a] = momentum, [A] = [a\] = [#] = action), we take *#~! for
the representatives of each class instead of *, and fix the value of the label
to be +# 1. The quantization map is then given by (we will write # instead
of +#~! when it appears only as an indicative of class)

i = J d\ da f(\, a)e@asg=h NV (83)
G

hp
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where \, is a constant with dimension of length. The self-adjoint operators
p and 7 act on the subspace of L*(R,) of functions vanishing at 0 and by

pE(p) = pk(p)

N . 9&(p)
= —ifip 122F1
E(p) L
and satisfy the commutation relation

[p, 7] = ihp
The function f(\, a) is recovered from the operator f,, by the inverse map-
ping (65)

@)= T @ulThih, a)fssl = 2 foh @ (84)
bt 3 +h
where
ealfar) = #J dp db e=f(1, b) (85)
2mh Ghp
which gives
fea(\, @) = L J dp db e*bf((\, a)(1, b)) (86)
27mh Ghp

Equation (84) makes explicit the fact that the classical L'-function f has
contributions from almost all irreducible representations, while equation (86)
is just the projection of that function into one of its “components.”

The symmetric but non-Abelian Hopf—von Neumann algebra Hy(Gy,p)
generated by the irreducible operators Tx(\, a) is then the operator algebra
of quantum mechanics on the half-plane. Its trivial structure is analogous to
that given in (67). On this algebra there is also defined a weight given by
the plus sign in (85), which is an irreducible component of the Haar weight
on K*(Gy,), as shown in the previous section.

On the dual Abelian Hopf-von Neumann algebra H%(Gy,), a typical
A#(Gyp) function is that given by

(f’;(i,g(}\, a) = (X! Tu(\, DE)12r,)
= f 90 oo (p)E(oIN)
Ry P

If we put x = & &f; = W} is to be interpreted as a generalization of the
Wigner distribution function for the half-plane associated to the state £. This
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is justified, for if we compute the expectation value of the operator f in the
state &, it is given by

(Fe = €10 = f d\ da f(\, )WEN, a)

Ghp

This makes clear the role of W} as a quantum probability density, the same
role played by the Wigner distribution in the Euclidean phase space. But
notice that things here are quite different from the complete-plane case and this
function does not share most of the properties the usual Wigner distribution is
known to satisfy. The differences are due to a lack of connection between
functions in Az(Gyy), like W%, and L'-functions, or the respective operator in
M3(Gyp). Banach duality is not able to provide an explicit correspondence
between these two spaces when the group is not Abelian self-dual like Gy,
In the complete-plane case, R? is self-dual and the Banach duality turns out
to be just the double Fourier transform on the phase space. Furthermore, the
Abelian algebras L' and L” over R? are isomorphic by the uniqueness of the
Fourier transform (Reiter, 1968). This gives rise to the well-known formulas
of the Weyl correspondence (Folland, 1989; Taylor, 1986; Hillery et al.,
1984; Lee, 1995), of which the Wigner distribution function is a particular
case corresponding to the density operator. And, since there is no need to
consider projective representations in the half-plane case, no 2-cocycle arises,
that is, neither is the convolution algebra L‘(th) twisted nor the pointwise
product algebra L(Gy,) deformed by any kind of Moyal-like product.

6. FINAL COMMENTS

The Weyl-Wigner prescription is based on the Pontryagin duality of
Fourier transformations. It calls attention to the central role of duality in
quantization, though it only can be expected to hold in the particular case
of Abelian canonical groups. We have been concerned with the impact that
general Fourier duality can have in quantization. The stages for Fourier
analysis are neither groups nor homogeneous spaces, but Kac algebras. Gen-
eral Fourier duality requires a pair of algebras and we have considered such
a pair of “symmetric” and “Abelian” Kac algebras for a particular, type I,
but non-Abelian and nonunimodular, canonical group. The decomposition of
the first has led to some Hopf-von Neumann algebras on the group, which
we have recognized as the natural algebraic arenas where duality plays its
role and, furthermore, where we can find out how far it is possible to go
with the Weyl-Wigner approach as a guideline to quantize general systems.

The open half-plane which we have examined is perhaps the simplest
case presenting some novel, deep features. It is still globally Euclidean—



380 Aldrovandi and Saeger

though no longer a vector space. Although we have been restricted to a case
in which the special canonical group and the phase space manifolds coincide,
the group nontriviality requires new algebraic structures. In particular, since
the group involved is nonunimodular, it is no longer a trace which is at work,
but its generalization allowing noncommutative integration—a weight. To
connect Kac duality and Weyl quantization, we must restrict ourselves to a
specific irreducible representation of the group involved. The operators in
that representation generate a Hopf—von Neumann algebra which participates
in the irreducible decomposition of the symmetric Kac algebra of the canonical
group. It is in general impossible to obtain an explicit correspondence between
the L'- and L™-functions on it. From the point of view of Fourier duality,
this is standard—Fourier transforms in general map L'-functions into G-
valued operators (L*-functions only if G is Abelian). In the Wigner formalism
this corresponds to a failure in the correspondence between the Wigner
distribution and its density. Generalized Wigner distribution functions only
make sense if related to density operators and, as such, they are defined as the
expectation values of the irreducible operators 7;. Summing up, generalized
Fourier duality in the case treated here does provide a prescription for the
quantization of L'-functions on phase space via a generalized Weyl formula.
Although it is possible to recover the quantizable c-number function from
the correspondent Weyl operator, the correspondence is not at all complete,
since we cannot relate it to its dual L*-function.

The conclusion is that general Fourier duality does provide a firm guide
to quantization, though imposing severe restrictions to the simple-minded
expectations deriving from the results concerning those very simple systems
for which the phase space is a vector space Since this duality is only achieved
in the Kac algebra framework, we also conclude that, for quantization pur-
poses, algebraic structures beyond groups must be considered.

APPENDIX. COADJOINT ORBITS OF Gy,

For the sake of completeness we show here that the half-plane is the
unique nontrivial homogeneous symplectic manifold by the action of the
group Gy, = R, @ R. To do this, we realize the group as a 2 X 2 matrix
group by the correspondence

)\—1/2 a)\1/2
(x’ a) g ( 0 xllz )
The Lie algebra %y, can be accordingly realized if we define its generators by

_d _(-12 0 _d _fo 1
L_dt(els 0)|t=0_( 0 1/2)7 A_dt(ls t)|l=0_(0 0)
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A quick computation is enough to verify that L, A realize the algebra %y,
[A, L} = A

To get the adjoint action of Gy, on %, we write an arbitrary element
X of the algebras as X = X*A + XL, and compute

Adp X =\, X\, a)"! = (aXt + NTIXHA + XL

Now, to obtain the coadjoint action of Gy, on 6§, we first find a dual basis
to X, = {A, L} in %, through the duality pairing (6*, X,) = Tr(8*X,) =

3%, and get
-1 0 00
L — =
o=(o 1) =0

Computing the coadjoint action on an element q = 10" + M.0* € 4%, m,
€ R, we find

[AdE M0 = (n, AdanX)
= (n, XL + AMX? — aXDHA)
= X, + MXA — aXYm,
To obtain it for any X € %,,, we compare with

[Ad omIX) = (AdE )X + (AdK omaX?
which gives finally

Ad¥ M = M8 + (m — ahn,)et (Al)

The orbits of this action on 4, are given for all (A, a) € Gy,. Analyzing
the coefficients of 84 and 6 in (A1), we conclude that there are basically
two kind of orbits: those for which n, # 0, and those for which n, = 0. In
the first case the coefficient of 8” is never zero, but that of 8% can assume
any value in R. This characterizes two half-planes, one for n, > 0 and the
other for m4 < 0. In the second case (n, = 0), we have Ad¥,m = m.0%
which means that these orbits consist of the infinity of isolated points in the
line m, = 0. This concludes our analysis, showing that Gy, has two two-
dimensional orbits diffeomorphic to the half-plane (%,.) and an uncountable
infinity of zero-dimensional orbits (4, in 6.

To conclude, we can also compute the Kirillov symplectic form on the
orbits passing by m by the formula , = $C7,n,0* A 8”. Since C4, = 1, we
have on 6, ~ R, X R

w. = M0 A OF
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The symplectic form w used in Section 2 is obtained from w_ above through
the realization

AHap LHp6p~x3x
0" - dp+pdinx 06— —dlInx
and with my = —x, x € R,.
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